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Abstract
By an ({r,m}; g)-cage we mean a graph on a minimum number of vertices f ({r,m}; g) with degree set {r,m}, 2r <m, and
girth g. In this paper we improve the known lower bound for f ({r,m}; g) for even girth g8. Moreover, we obtain for any integer
k2 that f ({r, k(r − 1) + 1}; 6) = 2k(r − 1)2 + 2r where r − 1 a is prime power. This result supports the conjecture that
f ({r,m}; 6) = 2(rm − m + 1) for any r <m posed by Yuansheng and Liang [The minimum number of vertices with girth 6 and
degree set D = {r,m}, Discrete Math. 269 (2003) 249–258].
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The degree set D of a graph G is the set of degrees of the vertices of G. The girth g(G)=g is the length of a shortest
cycle in G. Let f (D; g) denote the least order of a graph having degree set D and girth g. A graph with degree set D,
girth g and order f (D; g) is called a (D; g)-cage. Clearly if D = {r}, then (D; g)-cages coincide with (r; g)-cages,
which have been intensely studied, see the survey by Wong [14]; more additional information can be found in Chapter
6 of the book by Holton and Sheehan [10]. The existence of (r; g)-cages was proved by Erdo˝s and Sachs in the early
1960s [9], and using this result Chartrand et al. [6] proved the existence of (D; g)-cages. Kapoor et al. [11] proved
that f (D; 3) = 1 + ak for a set D = {a1, a2, . . . , ak} of positive integers with 2a1 <a2 < · · ·<ak . Likewise, the
following lower bound for f (D; g) was given by Downs et al. [8]:
f (D; g)f0(D; g) =
⎧⎪⎪⎨
⎪⎪⎩
1 +
t∑
i=1
ak(a1 − 1)i−1 if g = 2t + 1,
1 +
t−1∑
i=1
ak(a1 − 1)i−1 + (a1 − 1)t−1 if g = 2t.
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Table 1
Known exact values of f ({r,m}; g)
g = 5 g = 6 g = 7 g = 9
f ({3,m}; g) 3m + 1 4m + 2 7m + 1 15m + 1
m4 [8] m4 [15] m4 [6] m6 [6]
f ({4,m}; g) 4m + 1, m even [12] 6m + 2
4m + 2, m odd [12] m5 [15]
f ({5,m}; g) 8m + 2, m6 [15]
f ({r,m}; g) 2(rm − m + 1), and
5<r <m m − 1 a prime power
[15]
The lower bound arises from the fact the ball of radius (g − 1)/2 around a vertex of degree ak is a tree. Alon et al.
[1] proved that f (D; g)f0(d; g), where d is the average degree and f0(d; g) is obtained by replacing in (1) a1 and
ak with d.
In this paper we consider degree sets D = {r,m}, 2r <m. For g = 4 in [6] it was proved that f ({r,m}; 4) =
f0({r,m}; 4)= r +m for any r2. For r = 2 in [6] it was also proved that f ({2,m}; g)= f0({2,m}; g). Moreover, in
[8] it was proved that f ({3,m}; 5) = f0({3,m}; 5) = 1 + 3m and f ({3,m}; 7) = f0({3,m}; 7) = 1 + 7m, for m4;
and f ({3,m}; 9) = f0({3,m}; 9) = 1 + 15m, for m6. In Table 1 we can see some known exact values and the
corresponding references in which these results have been proved.
When the girth g ∈ {5, 7, 11} some of the authors [2] have provided some constructions of ({r,m}, g)-cages in the
case where r − 1 is a prime power and m = k(r − 1) for k an even integer.
Yuansheng and Liang [15] found for any 2r <m and g = 6 the following lower bound:
f ({r,m}; 6)2(rm − m + 1). (2)
For the case where the girth is even and greater than 6, to the best of our knowledge, not much progress has been
achieved. In this paper, we deal with (D; g)-cages where the degree set D is {r,m}, 3r <m, and the girth g6 is
even. In [15] it is conjectured that f ({r,m}; 6)= 2(rm−m+ 1) for any r <m and the equality is proved when m− 1
is a prime power and also for any m and r = 3, 4, 5, see Table 1. Our ﬁrst contribution is proving for any integer k2
that
f ({r, k(r − 1) + 1}; 6) = 2k(r − 1)2 + 2r, r − 1 being a prime power. (3)
This result supports the aforementioned conjecture. Furthermore we give a lower bound for f ({r,m}; g) for even girth
g6 which is an improvement of (1) when g8, but worse than (2) for g = 6. Both the exact value (3) and the
mentioned new lower bound for f ({r,m}; g) for even girth g6 are obtained in Section 2.
2. Results
Unless stated otherwise, we follow the books by Biggs [5] and by Chartrand and Lesniak [7] for undeﬁned terminology
and deﬁnitions. Let G = (V (G),E(G)) be any graph and let us denote the degree of any vertex u ∈ V (G) by G(u)
and its neighboring by NG(u) = N(u). We also use G(u, v) = (u, v) to denote the distance in G between any two
vertices u and v.
Based on a standard decomposition for a graph G of even girth g, choose an edge xy of G and deﬁne for 0 ig/2−1
the following sets:
Xi = {u ∈ V (G) : (u, x) = i, (u, y) = i + 1},
Yi = {v ∈ V (G) : (v, y) = i, (v, x) = i + 1}. (4)
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Fig. 1. A ({3, 4}; 6)-graph obtained from a generalized triangle of degree 4.
The fact that the girth of G is g implies that the sets Xi, Yj (0 i, jg/2 − 1) are mutually disjoint. This allows
us to compute the well-known lower bound of the order of a graph G with minimum degree r3 and even girth g,
obtaining that
|V (G)|0(r, g) = 2 (r − 1)
g/2 − 1
r − 2 . (5)
A regular graph with degree r, girth g, and such that there are no smaller graphs with the same degree and girth is called
an (r; g)-cage. An (r; g)-cage with even girth g and 0(r, g) vertices is said to be a generalized polygon graph, see the
book by Biggs [5]. Generalized polygon graphs exist if and only if g ∈ {4, 6, 8, 12}. The question of the construction
of these graphs is a difﬁcult one. In the case g = 6, the existence of a graph with 2(r2 − r + 1) vertices called
generalized triangle, is equivalent to the existence of a projective plane of order r − 1. It is known that these projective
planes exist whenever r − 1 is a prime power, but the existence question for many other values remains unsettled.
Generalized quadrangles, g=8, are also known to exist for all prime power values of r −1, and generalized hexagons,
g = 12, have also been constructed for r − 1 a prime power, see [4,13]. Using generalized polygons we obtain the
following result.
Theorem 2.1. If 3r <m where m − 1 is a prime power and g ∈ {6, 8, 12} then
f ({r,m}; g)2 + 2(r − 1) (m − 1)
g/2−1 − 1
m − 2 .
Proof. Let H be a generalized polygon graph of degree m and girth g ∈ {6, 8, 12}. Choose an edge xy of H and
consider the sets introduced in (4), which clearly partition V (H). Let us denote X1 = {x1, x2, . . . , xm−1} and Y1 =
{y1, y2, . . . , ym−1}. Let us partition Xg/2−1 and Yg/2−1 into the following sets:
D(xi) = {w ∈ Xg/2−1 : (w, xi) = g/2 − 2}, i = 1, 2, . . . , m − 1,
D(yj ) = {w ∈ Yg/2−1 : (w, yj ) = g/2 − 2}, j = 1, 2, . . . , m − 1.
Observe that each one of the induced subgraphs H [D(xi) ∪ D(yj )], i, j ∈ {1, 2, . . . , m − 1} of H deﬁnes a perfect
matching (see [3,10]). Now let G be the graph obtained from H by deleting from each Xi , 1 ig/2−1, the vertices u
such that (u, xj )= i −1, j = r, . . . , m−1, and from each Yi , 1 ig/2 −1, the vertices u such that (u, yj )= i −1,
j = r, . . . , m − 1. (By the way of illustration, when g = 6 the vertices xr , . . . , xm−1, yr , . . . , ym−1 are deleted from
X1 ∪ Y1, and the vertices of the set⋃m−1j=r (NH (xj ) − x) ∪⋃m−1j=r (NH (yj ) − y) are deleted from X2 ∪ Y2, see Fig. 1.)
The edges of graph G on the right side of Fig. 1 at level 2 are omitted, but the rule for the incidence should be clear;
e.g., vertex with label 1 is adjacent to vertex with two labels 14 and to vertex with two labels 15, 2 is adjacent to 25
and to 26, and so on.
Clearly x and y have degree r and the perfect matchings deﬁned by the edge sets of G[D(xi) ∪ D(yj )], i, j ∈
{1, 2, . . . , r − 1} allow us to assure that all the vertices of these subgraphs have degree r. The remaining vertices of G
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have degree m and the girth of G is g. Furthermore, we readily obtain that
|V (G)| = |V (H)| − 2(m − r)
g/2−2∑
i=0
(m − 1)i
= 2 + 2
g/2−2∑
i=0
((m − 1)i+1 − (m − r)(m − 1)i)
= 2 + 2(r − 1)
g/2−2∑
i=0
(m − 1)i
= 2 + 2(r − 1) (m − 1)
g/2−1 − 1
m − 2 ,
hence the theorem is valid. 
As an immediate consequence of Theorem 2.1 and (2), we get the following known result.
Corollary 1 (Yuansheng and Liang [15]). Let 2r <m be two integers such that m − 1 is a prime power. Then
f ({r,m}; 6) = 2(rm − m + 1).
In [15] it is conjectured that f ({r,m}; 6) = 2(rm − m + 1) for any r <m. The following result will allow us to
support this conjecture for any value of m = k(r − 1) + 1 with k2.
Theorem 2.2. Let r, k be integers with r3 and k2. Then for all even g6 we have:
(i) f ({r, k(r − 1) + 1}; g)kf (r; g) − 2(k − 1)∑(g−2)/4i=0 (r − 1)i .
(ii) f ({r, k(r − 1)}; g)kf (r; g) + 2(r − 1)(g−2)/4 − 2k∑(g−2)/4i=0 (r − 1)i .
Proof. (i) Let  be any (r; g)-cage with g6 even. Choose an edge xy of  and consider the sets introduced in (4).
Let us take k2 copies of  and denote them by (i), i = 1, 2, . . . , k. Moreover, let us denote by u(i) the vertex of (i)
which is a copy of vertex u in .
First, suppose g=6, 8. We construct a new graph G by removing from each(i) for i=2, . . . , k the vertices x(i), y(i)
and identifying each vertex u(i) ∈ V ((i)) ∩ (X(i)1 ∪ Y (i)1 ) with its homologous in (1). By the way of illustration see
Fig. 2 in which a ({3, 5}; 6)-cage is depicted. Another drawing of this cage is shown in Fig. 3.
After doing the indicated operations, every vertex z ∈ (NG(x(1)) − y(1)) ∪ (NG(y(1)) − x(1)) has degree
r + (k − 1)(r − 1) = k(r − 1) + 1 and the remaining vertices of G have degree r. Moreover, by construction any new
arising cycle C must contain two vertices w,w′ ∈ {x(1)1 , . . . , x(1)r , y(1)1 , . . . , y(1)r }. Hence the length of C is at least
(1) (w,w
′) + (i) (w,w′)
⎧⎪⎪⎨
⎪⎪⎩
2 + (g − 2) = g if w,w′ ∈ {x(1)1 , . . . , x(1)r },
2 + (g − 2) = g if w,w′ ∈ {y(1)1 , . . . , y(1)r },
3 + (g − 3) = g if w ∈ {x(1)1 , . . . , x(1)r }
and w′ ∈ {y(1)1 , . . . , y(1)r }
for some i = 1. Then the length of C is at least g. Further, the girth of this new graph G is exactly g = 6, 8, because a
cycle of length g in  must be a cycle in G. Therefore
f ({r, k(r − 1) + 1}; g) |V (G)|
= f (r; g) + (k − 1)(f (r; g) − 2(1 + (r − 1)))
= kf (r; g) − (k − 1)2r .
Hence the theorem follows in this case.
Finally, suppose g10. Since g must be congruent with 2 or 4 modulo 4, then there exists an integer b2 such that
g ∈ {4b + 2, 4b + 4}. We construct a new graph G by removing from each (i) the set of vertices⋃b−1j=1(X(i)j ∪ Y (i)j )∪
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Fig. 2. A ({3, 5}; 6)-cage.
Fig. 3. An alternative drawing of a ({3, 5}; 6)-cage.
{x(i), y(i)}, and identifying each vertex u(i) ∈ V ((i)) ∩ (X(i)b ∪ Y (i)b ) with its homologous in (1) for i = 2, . . . , k.
Reasoning as before we easily obtain
f ({r, k(r − 1) + 1}; g) |V (G)|
= f (r; g) + (k − 1)
(
f (r; g) − 2
b∑
i=0
(r − 1)i
)
= kf (r; g) − 2(k − 1)
b∑
i=0
(r − 1)i .
Therefore point (i) of the theorem follows.
Point (ii) is proved analogously, constructing a new graph G from copies of an (r; g)-cage , but now we also delete
the vertices x and y. The proof follows the same lines of reasoning of point (i), and the only detail which must be shown
is that the girth of G is exactly g. First suppose that  is an (r; 6)-cage, so it must contain some cycle xxtuvyjyx. Then
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in G appears the cycle x(1)t u(1)v(1)y
(1)
j v
(i)u(i)x
(1)
t of length g = 6. Second if the girth is g = 8 then the girth of the new
graph G is 8 because  must contain some cycle as follows:
xtxtlxtdlyabcxpqryjmnxtrsxtrxt ,
where xtdl, xpqr , xtrs are in X3, and yabc, yjmn are in Y3. For g = 10 the argument is the same. Moreover, a cycle in
G with vertices not belonging to the set (NG(x(1)) − y(1)) ∪ (NG(y(1)) − x(1)) must have length at least g because it
must be a copy of a cycle contained in . 
Corollary 2. Let r, k be integers with r3 and k2 such that r − 1 is a prime power. Then
f ({r, k(r − 1) + 1}; 6) = 2k(r − 1)2 + 2r .
Proof. From (2) we get f ({r, k(r − 1)+ 1}; 6)2k(r − 1)2 + 2r. The other inequality is obtained by applying item (i)
of Theorem 2.2 and taking into account that f (r; 6) = 2(r2 − r + 1) because of (5) since r − 1 is a prime power. 
Next, we present a result which is an improvement of (1) for even girth g8 although is worse than (2) for g = 6.
Theorem 2.3. Let G be a (D; g)-cage with D = {r,m} where 3r <m and girth g6 is even. Then
|V (G)|
⎧⎪⎨
⎪⎩
m + 2 + (mr − 2) (r − 1)
g/2−2 − 1
r − 2 + (r − 2)(r − 1)
g/2−2 if r4;
1 + (7m + 3)2
g/2−2
3
− m if r = 3.
Proof. Let us distinguish the following cases.
Case 1: There exist two different vertices x and v of degree m such that G(x, v)2. Let y ∈ N(x) be such
that G(y, v) = G(x, v) − 1 and consider the edge xy and the sets introduced in (4). Then |Yi |(r − 1)i , i = 0, 1,
|Yi |(r − 2)(r − 1)i−1 + (m− 1)(r − 1)i−2 (2 ig/2 − 1) and |Xi |(m− 1)(r − 1)i−1 (1 ig/2 − 1). So we
have
|V (G)|1 + (m − 1)
g/2−1∑
i=1
(r − 1)i−1 + 1 + (r − 1) + (r − 2)
g/2−1∑
i=2
(r − 1)i−1
+ (m − 1)
g/2−1∑
i=2
(r − 1)i−2
= 1 + (m − 1) + (m − 1)
g/2−2∑
i=1
((r − 1)i + (r − 1)i−1) + 2
+ (r − 2)
g/2−2∑
i=0
(r − 1)i
= m + 2 + (m − 1)r
g/2−2∑
i=1
(r − 1)i−1 + (r − 2)
g/2−2∑
i=0
(r − 1)i
= m + 2 + (mr − 2)
g/2−3∑
i=0
(r − 1)i + (r − 2)(r − 1)g/2−2
= m + 2 + (mr − 2) (r − 1)
g/2−2 − 1
r − 2 + (r − 2)(r − 1)
g/2−2
,
hence the theorem holds for r4.And for r=3 we have |V (G)|2g/2−2(3m−1)−2m+4> 1+(7m+3)2g/2−2/3−m.
Hence the theorem is also valid.
Case 2: Any two vertices x and v of degree m satisfy G(x, v)3.
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Let x be a vertex of degree m adjacent to some vertex y of degree r and take the edge xy and the sets introduced in
(4). Let us denote by
T =
g/2−1⋃
i=0
Xi ∪
g/2−2⋃
j=0
Yj .
Then
|T | =
g/2−1∑
i=0
|Xi | +
g/2−2∑
i=0
|Yi |1 + m
g/2−2∑
i=0
(r − 1)i . (6)
Let R = V (G)\T and S = {x ∈ R : (x) = m} with cardinality |S| = s. Hence r(|R| − s) + sm(r − 1)|Xg/2−1| =
m(r − 1)g/2−1 which gives
sm(r − 1)
g/2−1 − r|R|
m − r . (7)
Moreover, any vertex v ∈ Xg/2−1 ∪ Yg/2−2 satisﬁes |N(v) ∩ S|1 because any two vertices of S are at distance at
least 3. Then |N(v) ∩ (R\S)|r − 2 which gives
|R\S| (r − 2)(|Xg/2−1| + |Yg/2−2|)
r
 (r − 2)m(r − 1)
g/2−2
r
.
Hence by (7) we obtain
|R| (r − 2)m(r − 1)
g/2−2
r
+ m(r − 1)
g/2−1 − r|R|
m − r ,
which implies
|R| (m − r)(r − 2)(r − 1)
g/2−2
r
+ (r − 1)g/2−1.
When r4 we know
r − 2
r
 1
r − 2 .
Therefore
|R|
⎧⎪⎨
⎪⎩
(m − r)(r − 1)g/2−2
r − 2 + (r − 1)
g/2−1 if r4;
(m − 3)2g/2−2
3
+ 2g/2−1 if r = 3.
(8)
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Hence using that (r − 1)g/2−1 = (r − 2)(r − 1)g/2−2 + (r − 1)g/2−2 and combining (6) and (8) we get for r4 that
|V (G)| = |T | + |R|
1 + m
g/2−3∑
i=0
(r − 1)i + (r − 1)g/2−2
(
(m + 1) + m − r
r − 2
)
+ (r − 2)(r − 1)g/2−2
= 1 + m(r − 1)
g/2−2 − 1
r − 2 + (r − 1)
g/2−2
(
(m + 1) + m − r
r − 2
)
+ (r − 2)(r − 1)g/2−2
> 2 + m + ((r − 1)g/2−2 − 1)
(
(m + 1) + 2m − r
r − 2
)
+ (r − 2)(r − 1)g/2−2
= m + 2 + (mr − 2) (r − 1)
g/2−2 − 1
r − 2 + (r − 2)(r − 1)
g/2−2
,
and the result is valid. Reasoning in a similar way for r = 3 we obtain that
|V (G)| = |T | + |R|
1 + m(2g/2−1 − 1) + (m − 3)2
g/2−2
3
+ 2g/2−1
= 1 + (7m + 3)2
g/2−2
3
− m,
and the proof is complete. 
As a consequence of both Theorems 2.2 and 2.3 we obtain the following immediate result.
Corollary 3. Let r, k be integers with r3 and k2 such that r − 1 is a prime power.
(i) If r4 then
(k + 1)r3 − (k + 3)r2 + (k + 3)r − k + 1f ({r, k(r − 1) + 1}; 8)2kr(r − 1)2 + 2r;
(ii) (56k + 40)/3 − 2kf ({3, 2k + 1}; 8)24k + 4.
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